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Abstract

We study systematically and exhibit the Lorentz symmetry of the Bethe-Salpeter equation
in the light-like case for two scalar quarks of different masses interacting via the exchange
of a scalar photon. We develop a new approach for solving the eigenvalue problem of the
equation for the general case (not only the light-like). Our method permits accurate
analytic expressions for the spectrum and the wave functions.

1. Introduction

The Bethe-Salpeter (BS) equation (Salpeter & Bethe, 1951) has been
used extensively in the last years as a theoretical physics laboratory. In
particular it has been used as a field theoretical model for studying the
scattering amplitude and its symmetries. This led to the discovery of im-
portant new dynamical mechanisms and new concepts like that of Regge
poles in relativistic field theory, Lorentz poles and daughter trajectories. t

The symmetries of the BS equation are well known for the vacuum-like,
time-like and the space-like case. In the present paper we investigate system-
atically the symmetry for the light-like case, before and after the Wick
rotation, i.e. in the original Minkowski and in Euclidean space. The eigen-
value problem is then reduced into a partial differential equation which
exhibits the symmetry explicitly again. With polar coordinates our equation
is further transformed into a one-dimensional ordinary differential equation.

T A general survey of the theory of the Bethe-Salpeter equation is given by Nakanishi
(1969).
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This equation can be transformed to another differential equation known in
the mathematical literature as Heun’s equation (Heun, 1889). The same
approach when applied in the other cases, time-like, vacuum-like and
space-like, leads to corresponding known one-dimensional differential
equations which are also of Heun’s type.

Analytic expressions of the eigenvalues of the general Heun’s equation
do not exist. Also little is known for the eigenfunctions of this equation
(Bateman Manuscript Project, 1954). For this reason, up to now the eigen-
values of the BS equation and the Regge trajectories have been calculated
mainly computationally (Chung & Snider, 1967). Such calculations, even
when they are of great precision, hide many interesting features of the
problem.

In our method the one-dimensional equation is transformed into an
equivalent ‘Schridinger’ equation. Then the potential is replaced by an
approximate one, for which the resulting equation can be solved exactly.
In this way we obtain analytic expressions in general very precise, for the
eigenvalues and the eigenfunctions. For special values of the relative mass
difference and/or the binding energy the original potential coincides with
the approximate one, and we get exact solutions including all the known
ones.

We hope that our approach will offer a more transparent picture of many
qualitative and quantitative features of the spectrum, Regge trajectories and
wave functions of the BS equation.

2. Symmetries and Differential Equations

We consider the Bethe-Salpeter equation of two scalar quarks which
form a bound state via the exchange of a scalar particle (Wick—Cutkosky
model (Wick, 1954; Cutkosky, 1954)). Let m;, p;,, i=1, 2 be the masses
and the 4-momenta of the quarks 1 and 2. We write

my =m(l + 4)
my, =m(l — 4) 2.1

and we introduce the total momentum p of the bound state (p? = s), and
the relative momentum ¢ of the quarks by

rn=q+31+4d)p
pr=—q+3H1—Ap 2.2
Then the BS equation takes the form (Wick, 1954)
{lg +30 + DHpP — (1 + D{lg — 31 - Dp)* — (1 — 4% D(q,p)
iA d*k

B e
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where p is the mass of the exchanged particle, and the mass units were
chosen such that m = 1. We make a stereographic projection of the four-
dimensional space into the surface of a sphere in five-dimensional space,
i.e. we introduce new variables (Cutkosky, 1954; Delbourgo et al., 1966)

2qsq,
= 2 =0, 1, 2’ 3
Ny 75— 42 w
gs> +4q*
e
mnt =’ — =t =t — st =~1 X))
where
s 172
=[50 -2 @9)

In the 7 variables equation (2.3) is put in a compact form
i1 — 4% f d* ' 80" 0" + 1) ¥, p)
472 , 2 ,
L/ nf+ 55 (409 (L)

[9s* — (o' "Y1 ¥(mi,p) =

i=0,...3,5 (2.6)

where
Y, p) = (1 +95) > P(g,p) @.7)
pi’ =[p (1 —4%),2¢54] (2.8)

The metric in the five-dimensional scalar products of equation (2.6) is

800 =811 ="82="833=-8s5s=1

Equation (2.3) for u = 0 can be easily transformed to a differential equation,
after the Wick rotation. With the use of the identity

02 1
0q,, 0., (q — kY?
the integral equation (2.3) becomes
(OKlg + 31 + pP + (1 + 4%
x{lg—30 - DpP + (1 -4} -4 P(g,p)=0  (2.10)
With a change of variables (Kyriakopoulos, 1968)

= —4m2 8D (g — k) 2.9)

Zi="Z, Z=ps, i=1,...,5 2.11)
and

Youn) =[ 1= o 20?|(1+2) " 0t0) e.12)
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equation (2.10) becomes

{[ e 4(1): l)z] [zz aazz (z,.—a%)z - 3z,§az—i - 2] _1__5(‘%}
X Y(z,p)=0  (2.13)

The above equation is the BS equation in differential form.

2.1. Light-Like Case

In a coordinate system in which the total energy-momentum vector is
Pu=(»,0,0,w), equation (2.6) reads

{1~ [41(770 - 773) - ATIS]Z} 'P(")i,P)
iA d’ 7' 3(ni' 7" + 1) ¥(ws',p)

472 _ ,
1+"7177+E;i(1+775)(1+775) (2.1.1)
where
A2
01=M§‘ﬂ (2.1.2)

For p # 0 the symmetry group of equatlon (2.1.1) is obviously the E,. We
want to investigate the group of invariance of the equation for u =0. In
this case the symmetry group will be the subgroup of SO(4,1) which leaves
invariant the expression

i) 213

LetL,;,i,j=0,..., 3, 5 be the generators of the group SO(4,1). Consider-
ing infinitesimal transformations we find that the expression (2.1.3) remains
invariant if the generators appear only in the combinations

4 4
Liz—Lo, Lyy—Lgy, Lis— ;Lm, Lys— ;Loz,
1

1

A4
Lys + Los — aTLos, and L,

By taking linear combinations of them we get the operators
Jiu=Ly,

4

Jas=Lys —5—(Ly3 + Loy)
2a,
4

3y =Las — 5—(La3 + Loy)
2a,

4 a
JOl = L25 - —(L23 + Loz) + —1(L23 - L02)
2a, 4
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4 a
Joa=~Lys + ZI‘(LIS +Loy) — Z‘l (Ly3 — Loy

a
Jo3 = —Loz + ATI(Lzs + Los) (2.1.4)

These satisfy the Lie Algebra of the group SO(3,1). So the group SO(3,1)
is the group of invariance of equation (2.1.1.) for u=0. We arrive at the
same result with the rotation

o __A_ 1+%‘l2 _A 1_2_‘£
No=17s 24, A2 Mo 24, A2 3
n A

773=’75“—201(’70+773)

n a
N5 =175 “Zl(”’)o —n3)

M=  N=7 2.1.5)
For p, = (»,0,0,w) equation (2.13) becomes

{(1 — ji: [% (iz4+z3) + 25]2)

2 2
x[zZ%iz—(ziaiZi) _3ziaiz,-_2]_)\} Y(z)=0 (2.1.6)

The above equation, in the variables z; defined by equations (2.11) and
(2.1.5), becomes

n® "12_3”i_2 A Yz =0 (2.1.7
Pap\Bag) e i s ey Y@ =0 @1

We easily see that equation (2.1.7) is invariant with respect to SO(4)
transformations.t
Introducing polar coordinates

zs=zCcosth
z, = zsind, cosd,
zy = zsind, sind, cos
z, = zsind, sind, sin; cos
z; = zsind, sin®, sin$; sin ¢ 2.1.8)
the partial differential operator of equation (2.1.7) takes the form (for
simplicity we have dropped the primes)
2 2 2 2 2
22%3 — (z,a—i) — 3ziaiZi= (1- xz);;ci — 4x% -Ii___“‘;—
x = cosf, 2.1.9)

T After this work had been completed we were informed that the SO(4) symmetry of
the Wick rotated BS equation, with p,, light-like has also been established by Seto (1968).
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where
az
LZ — KZ —

1 1 @ /. 0 1 o2
T Sin? & [sin By 005 (sm ¥ 59’—3) S B3 W] (2.1.10)
is the Casimir operator of our symmetry group.
Separating variables

+ ZCOtﬁz*a%
2

Y(z)) = F(2) Yum(D, 93, $) Gu(Dy) 2.1.11)
where Y,,,, is a 4-dimensional spherical harmonic satisfying
LK) Yyu=0*—1) Y (2.1.12)
equation (2.1.7) is reduced to the ordinary differential equation

02 g nr-—1 A
—xy___ i — — =
[(1 T R e T Z]G,,(x) 0 (113

The boundary conditions aref

n+1
a- xz)T[l —n—(1-— xz);)—c] G(x%) . =0
n+1
a-x¥"7 [1 —n+(1- xz)%] G (%) . =0 (2.1.19)

The function F(z) is not determined from equation (2.1.7). Since z =g5 =
const, it will be determined from the normalization of the BS wave function.
In the BS literature one usually finds the function g,(x)

n+1
&) =(1~x% 2 Gyx) (2.1.15)
In the g,(x) variable, equation (2.1.13) becomes

2
[(1 —xz)%i—f—Z(n - 1)x;}—1—_i‘1—2xi — n(n — 1)]g,,(x) ~0 (2.1.16)

with the boundary conditions

0
[r+-9]am -0
0
[n——(l —x)é—)z]g,,(x)x:_l =0 (2.1.17)
With the change of variable
y=1-x? (2.1.18)

1 Equations (2.1.14) have been obtained in a way similar to that foilowed by Kummer
(1964).
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equation (2.1.16) becomes

& (4 1-nd
dy* \y—1 y Jdy

+ [n(n — D/4ly — [A+ (4% — D n(n — 1)}/44>
y(y—Dly— (4> —1/4%)]

known in the mathematical literature as Heun’s equation (Heun, 1889).
Its solutions, satisfying the boundary condition (2.1.17) are called Heun’s
functions. Unfortunately little is known about these functions and in
particular it is not possible in general to find an analytic expression for
the eigenvalues A. For this reason in the next section we shall approach
the eigenvalue problem by a new method starting directly from equation
(2.1.13).

}gn(y)=o 2.1.19)

2.2. Time-Like Case
For p,, time-like equation (2.13), in the rest frame p,, = (1/(s),0), becomes

{[l - arzz; = (" T «/(afl— % Z)]

o= J (“_(14:_?)) @2.1)

This, with the orthogonal transformation

izy =i & Z4+ 4 z
MERRVIPEED) ¢ V(a2 — 4% ’
Zg’ = —i A Z4 - at ZS
Vi@ — 49" (a?—4%)
=2z, Zy=2, Z3=123 2.2.2)

gives

02 0 \? i}
"2 S ” = - ” I,
[ () i
_ A
1 — (s/4) + [(s/4) — 4*21(z3*/z")

] YE)=0 (22.3)

It is clear that for the time-like case we have SO(4) symmetry both,
in the original Minkowski space and after the Wick rotation in Euclidean
space.
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Following similar steps as in the light-like case we get

0? 9 nr-1
L
A
T 1—(s/4) + [(s/4) — 421 x2

with x = (z,/z) and the same boundary conditions.}

]G,,(x) =0 (224

3. Solutions of the Eigenvalue Equations

As mentioned in the previous section we shall solve the eigenvalue
problem with a new approach.

3.1. Light-Like Region
We start from

HG,(x)=1v2G,(x) 3.1.1)
where H is the self-adjoint differential operator
A1 —x?)
1—4%2x2
This can be considered as an eigenvalue equation for »?, which generalizes
the spectrum of the Casimir operator L? — K2 + 1 of the symmetry group.

For v = n an integer number, equation (3.1.2) reduces to equation (2.6).
With the change of variables

=(1 — 22£_ — zi_ 42
H=(1 =)o —4x(l —x) -~ 2 —x) + (3.1.2)

1+x
-1
% lnl—x’

w,(x) = V(1 = x) G,(x)

equation (3.1.1) is put in the form

d’ V = —p2 3.1.3)
[— = (x)] () = (), Gl

where
A

V(X)=‘1+(1—42)shzx

This is a one-dimensional ‘Schrédinger’ equation for a particle of mass %
moving in the ‘potential’ ¥ (x). In Fig. 1 we have plotted ¥ (x) for A positive
and various values of 4. The ‘energy levels’ correspond to the spectrum
—v? which defines the Regge poles. It is clear that for A sufficiently large,
i.e. for strong attractive potential, there will always exist discrete levels.
When » becomes an integer #, which can happen only for special values of A,
the Regge poles materialize as physical bound states.

(3.1.4)

-
1 For p, space-like we are led again to equation (2.2.4).
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We now proceed to solve the ‘Schrédinger’ equation. First we approxi-
mate V(y) by
A
VaDD(X) = _1 ¥ Shz'\/(l — Az)x

For 4=0, and 4 =1 this potential coincides with the exact one. As seen
from Fig. 1 the approximation is very good for 0 < 4 < 0-75 and becomes
better and better as 4 — 0. Equation (3.1.3), with ¥ (y) replaced by V,,,(x)
can be solved exactly. We findf

Wapp(X) = Ua‘";;;ih/za/ﬁld_z)d;) X Where o= a;[ J (l—f)‘—ﬁ + 1) - 1]

(3.1.5)

kv okl g g _
F[ A= 3 SV A)x] k=0,2,4,...
k—1 —y k—1 3_

UaDD(X) = Sh'\/(l _AZ)XF[—' 2 \/(1 _Az) - 2 95:

—sh?/(1 — Az)x], k=1,3,5... (3.1.6)

and
v=4/(1 — 4% (o — «). (3.1.7)

k is the number of nodes of the wave functions.
For physical bound states (v =n = integer) equation (3.1.7) gives the
eigenvalue spectrum

A=+ /(1 = 4] [n + (x + D1 — 42)] (3.1.8)

In the limit 42 — 1, ¥ (x) of equation (3.1.4) is transformed into a square
well potential of depth —A and range tending to infinity with 1/(1 — 42).
Alternatively, with a change in the scale, the range can be kept at a fixed
value. For example, with a new variable x' = (/2)(x/e) and an equivalent
scaling 4¢2/72 in the mass, the range of the potential is kept at 77/2. When e,
defined by

4

= =2

is large the approximation becomes very good. The spectrum in this region
is given as a solution of the equations

€

VA=1)tge v/ A—1)=v (3.1.9a)
for even number of nodes, and
V(A —vHcotge /A — 1) =—v (3.1.9b)

for odd numbers of nodes.
¥ See, for instance, Landau & Lifshitz (1958).
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-2 -1 1 2 -2
I T T ! T

Figure 1.—The ‘potential’ for typical values of 4. The solid lines refer to the exact
potential
A

YO =TG- My
and;the dashed lines to
A

Vapp(x) =— TT oty =29y

For 4 =0 we have V(x) = Vape(x) and for 4 = 0-25 the difference V'(x) — Vapp(x) is not
visible.

For physical bound states (v = n = integer) equation (3.1.9), as 4 — 1,
gives the eigenvalue spectrum

2
T A+

An=n2+ 4 2
1——‘:__—
{nx/l—m}

(3.1.10)

where k=0, 1,2, ....

3.2. Time-Like Bound State Region

Consider the time-like bound states for which 0 < s < 4m?, s = (2m — E,)?,
where E, is the binding energy. The time-like and the light-like eigenvalue
problems are mathematically equivalent. Indeed the former can be reduced
to the latter, i.e. to equation (3.1.1) of the light-like case by the simple
substitution

A (s/4) — 42

- 2 2 _
A= A= 4 —» 42, 4 =1

=) (3.2.1)
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We consider two regions.

() 442 <s<4
In this region

0>4deg>— and le2</\eq\

The solutions and the spectrum of the eigenvalue equation are obtained by
substituting (3.2.1) into (3.1.6) and (3.1.7). We find

(e e S5

k=0,1,2,... (3.2.2)

As we have discussed previously, equation (3.2.2) is a very good approxima-
tionfor 0 < |4, < 3, which means 442 < s < 3 + 42 For s = 442, equation
(3.2.2) gives us the exact spectrum.

In the nonrelativistic limit (E,/2) — 0, the ‘potential’ takes the form

V(x) ~—cd(x),

2 1—42 A
=vm—46mfmgj(ﬁ;)~vm—dﬂa]

and we have

w,(x) = exp (~v|x[) (3.2.3)
T A

2V -4 E)

This corresponds to the nonrelativistic limit of the normal solutions

(x« =0). For the abnormal ones (x #0), we have A — % (Wick, 1954;
Cutkosky, 1954).

(i) 0<s<44?
In this region we have

A< A < A

1-4%
For s = 442 we have the exact solution, as we mention previously. In general
our approximate solutions, very similar to the light-like ones, are extremely

good when s &~ 442, and as s — 0 they tend smoothly to the solution of the
light-like case.

V=

and 1>4%>4%>0

3.3 The Space-Like Region
For —o < s <0 we have 0 < A, <A, and 1 > 4%, > 4%. We obtain
1 1 5 5
Yaro = 3 T = I [V@r+1 -4 - Q2+ 1)4/(1-49)] (3.3.1)

a good approximation when 0 < 4 $0-75 and [4? — (s/9)]/[1 — (s/4)] < %
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As 4 — 1 we have the asymptotic form

A 7t 16[1 — (s/H1T2 /2
TR LR L e IR

We remark finally that as s — —co, equation (3.3.2) gives the asymptotic
form of v for all 4.

Note Added in Proof

After completing this paper related work done by Seto (1969) was pointed
to us. In reference to this we add the following remarks:

(1) We treat the problem of symmetry in a different way.

(2) In our approach the radial equation is attached directly as a Regge
trajectory eigenvalue problem. (Usually the eigenvalue is the coupling
constant.) In this way we are led to a perturbation series in 42, =
(s/4 — 4%)/(s/4 — 1) instead of (s/4 — 4%)/(4* — 1) in Nakanishi (1965) and

Seto (1969). For example, for the Regge trajectories we have v = 3> o, 42L.

=0
Our expansion parameter 42, is smaller than one in the whole half of the
complex s-plane, Res < 2(1 + 42) while in the Nakanishi-Seto case, the
expansion parameter is smaller than one only inside the circle |s — 44%] <
41 — 4%).
The constant terms, which give the exact position of the trajectories at
s =442, are the same in both expansions of course. Also the coefficients of
the first-order terms, which give the slope of the trajectories at s = 442,
are the same
V2 y? A A2 2v5(2uc% + dicvg + 20¢ + 2v9 — A)
T T ea e (0 4 2w + 3) i + 2w + 1) 2k + 215 — 1)
vo=[vV(A+1/4) — k—1/2]
(3) We give also good approximative expressions in closed form (non-
perturbative), for both the eigenvalues and the eigenfunctions.

+ 042,
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